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(2) Answer all questions.
(3) All questions carry equal marks.

4) Follow usual notation.

1 (@ If p is a number and p™|Q(G) then prove.

that G has a subgroup of order p™.
() Let G be a group. If G is solvable then prove

that every subgroup of G and homomorphic image of

G are solvable.
(© Prove that a group of order p”, where p is prime,
is nilpotent.
OR

1 (@) Prove that G is the internal direct product of the
normal subgroups N{,Ng,------- N, if and only if :

(1) G= N1N2 ...... Nn
@  NO(NN,

1

(b) If a group of order p” contains exactly one subgroup

5

each of orders p, pz____, p"_l then prove that G is cyclic.
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Let HyHy,____,H, be a family of nilpotent groups. 4

Prove that H) x H, x xH, 1is also nilpotent.

If an R-module M is generated by a set 5
n
{xlpxzp____,xn}and le R then prove that™ :Z;in.
i=
Let V be a nonzero finitely generated vector space 5
over a field F. Prove that V admits a finite basis.
Let R be a ring with unity. Let Hompy (R, R)denote 4

the ring of endomorphism of R regarded as a right
R-module Prove that p~ Homg(R,R) as rings.
OR
Let M be a simple R-module. Prove that Homp (M\M) 5
is a division ring.

[

Let M be an R-module and RM:{ZrI- m; |1; € R, m EM}.

I

Show that RM is a submodule of M.
Let A and B be R-Submodules of R-modules M and N. 4

MxNNM N

. M N
respectively. Prove that B a1 g

For an R-module M, if M is artinian then every 5
quotient module of M is finitely cogenerated.

Let A be a minimal left ideal in a ring R. Prove 5

that either 42 =(0) or A=Re where e is an

idempotent in R.

Find the invarient factors of the matrix 4:
-x-3 2 0
1 -X 1 .
over the ring Q[x].
1 -3 —x-2
OR
Let N be a nil ideal in a noetherian ring R. Prove 5

that N is nilpotent.
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(b) Find the abelian group generated by {xl, Xy, x3} 5
subject to
5x1 +9xy +5x3 =0
2x1 +4xy +2x3 =0
Xp+x) —3x3=0

(¢ Prove that any finite field with " elements is the 4

splitting field of P —xeF » [x]-

4 (@ Let FcEcK be fields. If [K:E]<e and [E:F]<e 5
then prove that [K:F]<e and [K:F|=[K:E|[E:F].
() Let K and k' be algebraic closures of a field F. 5

Prove that ¥ ~ K' under an isomorphism that is

an identity on F.
(©0 Show that it is not possible by straightedge and 4

compass alone to trisect gn°.

OR

4 (a) Let P(x) be an irreducible polynominal in F[x]. 5
Prove that there exists an extension.E of F in which
P(x) has a root.
(b) Let F be the field of rational numbers. Find the 5
splittting field for the polynomial ,4 _, over F.

(©) Prove that any irreducible polynomial f(x) over 4
a field F of characteristic p -0 has multiple roots if

and only if there exists g(x)e F[x] such that

f(x)=g(xP).
5 (@) Prove that the multiplicative group of non zero 5
elements of a finite field is cyclic.
() Construct the Galois group for the polynomial 5

f(x):x4—x2 —2 over Q.
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(¢ Suppose that the field F contains all the nth roots 4

of unity and 0zgeF . Let x"—ae F[x] and k be its
splitting field over F then prove that (1) K=F(u)

(2) the Galois group of ,7_, over F is abelian
where u is any root of 7 _ .

OR
5 (@) Let F be a field of characteristic zero contains all 5
the nth roots of unity for every integer. If
P(x)e F[x] is solvable by redicals over F then prove

that Galois group over F of p(x) is a solvable group.
(b) Let F be the field of rational numbers and 5

K= F(2% )- Prove that K is not a normal extension

of F.
(©0 Let K be a finite extension of a field F then prove 4

that O(G(K,F))<[K : F].
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